Abstract: Geoid determination below the topographic surface in continental areas using analytical continuation of gravity anomaly and/or an external type of solid spherical harmonics determined by an Earth Gravitational Model (EGM) inevitably leads to a topographic bias, as the true disturbing potential at the geoid is not harmonic in contrast to its estimates. We show that this bias differs for the geoid heights represented by Stokes' formula, an EGM and for the modified Stokes formula. The differences are due to the fact that the EGM suffers from truncation and divergence errors in addition to the topographic bias in Stokes' original formula.
Introduction
Gravimetric geoid determination relies on gravimetric data collected on or outside the Earth's surface. In continental regions the geoid usually runs inside the topographic masses. Typically the computational procedure is based on Stokes' formula (Stokes 1849), which integrates gravity anomalies located on a sphere (in practise the mean Earth sphere), and the formula allows no contribution to the gravity anomaly from topographic or atmospheric masses outside the sphere. Hence, the classical approach to treat the problem with such masses is to i) remove the gravimetric effect of the topographic masses, ii) downward continue the reduced gravity observation to the sphere of computation, iii) add the so-called secondary indirect topographic effect to the gravity anomaly, iv) perform Stokes integration and v) add the effect of the topography to the *Corresponding Author: L. E. Sjöberg: Royal Institute of Technology (KTH) Stockholm, Sweden, E-mail: lsjo@kth.se preliminary computed geoid height. The atmospheric effects can be treated similarly. Bjerhammar (1962) and (1963) introduced the concept of analytical continuation in geodesy by a harmonic continuation of the external gravitational field down to a sphere (the Bjerhammar sphere) embedded in the Earth. (Analytical continuation means that a mathematical operation is extended to a region where it is not valid. In physical geodesy it frequently means the misuse of Laplace's equation and/or its solution for harmonic functions inside topographic masses.) Mathematically, Bjerhammar's problem was to solve Poisson's integral equation for the gravity anomaly on the sphere from the known exterior gravity anomaly field. Of course, the solution on the internal sphere is a fictitious (or biased) gravity anomaly field (︀ ∆g * )︀ , but Bjerhammar's method then uses ∆g * in a second step in a forward application of the classical integral formulas (e.g., Poisson's formula, extended Stokes' formula, extended Vening Meinesz' formulas) to estimate exterior gravity field components, such as the gravity anomaly, height anomaly and deflections of the vertical, and in this procedure the topographic bias ( see below) is cancelled. To begin with Bjerhammar was met with firm opposition, as it is well known from classical potential theory that the solution for the analytically continued gravity field does not exist in a rigorous sense, and Bjerhammar's argument that in practice you always model the reality with a finite set of data did not impress the geodetic community. However, H. Moritz was among the first geodesists to realize the relevance in Bjerhammar's proposal (see Heiskanen and Moritz 1967, Sect. 8-10) . Another believer was Hotine (1969, pp. 323-324) . Krarup (1969) pointed out that geodesists at that time were used to solve problems in physical geodesy as classical boundary value problems, while modern adjustment and approximation theory was not utilized. He wrote: "Some geodesists have suspected that Molodensky's problem has some form of instability. Would it not have been natural then to try to formulate the boundary value problem as an adjustment problem, i.e. to try to obtain an improvement of the boundary values so as to make the boundary value problem uniquely solvable and so that the improvement in some least squares sense would be as small as possible?". Although originally critical to Bjerhammar's approach, Krarup (1969) both developed the method further to least squares collocation, and, most importantly, presented a mathematical foundation for it by the Runge-Krarup theorem of approximation theory.
On the continents the geoid mainly runs below the topographic surface, implying that the gravitational potential is not regular/harmonic there. As a result, the geoid cannot be determined directly by harmonic functions, but such a representation becomes biased.
The determination of the geoid by analytical continuation of the potential to sea level, e.g., by a series of spherical harmonics, utilizes only part of Bjerhammar's idea, namely the first part related with downward continuation (DWC) of the potential. Hence, the remaining problem here is to estimate the bias of the fictitious potential at sea level to be able to correct it to the true potential at the geoid.
In this study the ellipsoidal shape of the Earth and the atmosphere are omitted. The first effect causes an ellipsoidal correction to the geoid height, which can be determined separately (e.g., Sjöberg 2003a) . [This correction is due to the facts that a) the gravity anomaly used in Stokes formula needs both a physical and a geometric correction (direct effect on the gravity anomaly) to satisfy Stokes' formula on the sphere, and b) the actual Earth is rather an ellipsoid than a sphere, which requires another correction (indirect effect) on the geoid height]. It was shown by Sjöberg (ibid.) that the ellipsoidal effect is usually negligible in the modified Stokes formula when using a cap size of only a few degrees, and when representing the geoid by a series of spherical harmonics defined for an EGM, there is no need for such a correction at all.
The term topographic bias, introduced by , defines the error committed by applying a harmonic function inside topographic masses. Alternative approaches were presented by Sjöberg (2009a Sjöberg ( )-(2009c . (See also Sect. 2.2 below.) The publication of was followed by a remark by Vermeer (2008) , who used a pure spherical harmonic approach (similar to Sjöberg 1977) to raise doubts about the results for the topographic bias. Also Ågren (2004) studied the "analytical continuation error" (ACE) similar to Vermeer. In his answer to Vermeer Sjöberg (2008) pointed out that there is a difference between the topographic bias and the ACE, and this difference will be further considered here. In addition, the aim of this study is to present the correction for the ACE in the modified Stokes formula, which is composed both of a Stokes type integral and a harmonic series based on an EGM.
We will start the study by investigating the topographic bias in the original Stokes formula (Sect.2), and Sect. 3 is devoted to the problem for geoid determination from an EGM. In Sect. 4 the combined problem in the modified Stokes formula is outlined. In Sect. 5 the results are illustrated by a simple example. Section 6 concludes the paper.
The topographic bias in Stokes' formula
We will consider two approaches to solve the topographic problem in Stokes' formula: remove-compute restore (rcr) technique and Stokes' formula with additive corrections.
Remove-compute-restore technique
Consider the no-topography gravity anomaly, i.e. the gravity anomaly with the effect of topography removed (e.g., Sjöberg 2014)
where ∆g is the surface gravity anomaly and
is the total topographic gravitational potential. The first term, i.e. the negative of the radial derivative of the topographic potential V T , is the well-known topographic attraction, which is the direct topographic effect in the traditional rcr technique, but, as shown e.g. by Sjöberg (1994) and (2000) and by Vajda et al. (2006) there is also the second term of Eq. (2) that must be removed to achieve the no-topography gravity anomaly. If the latter term is not removed, the reduced gravity anomaly will be biased due to a remnant topographic signal. Traditionally the last term of Eq. (2) is substituted by the so-call Secondary Indirect Topographic Effect (SITE), but it differs slightly from the above term, causing another bias to the solution (Sjöberg 2014 and 2015) . Avoiding biases from the topography (but disregarding atmospheric and ellipsoidal effects) Stokes' formula [augmented by the zero-and first-degree disturbing potential harmonics (Tg) 0 and (Tg) 1 ] by applying the topographic corrections one arrives at the geoid height (cf.
Heiskanen and Moritz 1967, p. 324) :
where R is mean sea level radius, () * is the parameter in the bracket downward continued to sea level, S (ψ) is Stokes' function with argument ψ as geocentric angle between computation and integration points, σ is the unit sphere and the last term in Eq. (3) is the (primary) indirect topographic effect with V T g being the topographic potential at the geoid. Actually, as all topographic effects were removed in the no-topography gravity anomaly, there is no topographic bias in Eq. (3). (To make the formula more practical, the gravitational effect of a mass model could also be added to reduce the no-topography gravity anomaly and the indirect effect, but these refinements are not important for this theoretical study.)
Stokes' formula with an additive correction
If we decompose the no-topography gravity anomaly in Eq. (3) according to Eq. (1), Eq. (3) can be re-written for the absolute geoid height when also adding the zero-and firstdegree contributions of the disturbing potential (Sjöberg 2000 )
where
and δN T comb is the combined topographic correction (the sum of direct and indirect topographic effects) to the geoid height given by
In continental areas N * is typically a fictitious geoid height determined by analytical continuation that needs the combined topographic correction, which is the negative of the topographic bias (of the geoid height) to become the true geoid height. showed that for an arbitrary topographic density distribution this bias can be expressed
where µ (r) = Gρ (r) = gravitational constant times density, rs = R + H is the radius of the topographic surface and H is the orthometric height. Obviously, the bias depends only on the density distribution along the radius vector at the computation point. For a constant topographic density and (2009a)- (2009c) showed that the bias can be simplified to
i.e. the bias is easily computed from the topographic density and height. Eq. (5b) is the contribution to the topographic potential from the spherical Bouguer shell of constant density, implying that the terrain does not contribute to the topographic bias (Sjöberg 2009a) . In short, this result can be seen from the fact that the topographic potential is the sum of the Bouguer shell and terrain potentials, and, as the potential inside the topography of the Bouguer shell obeys Poisson's differential equation, the terrain potential must obey Laplace's differential equation, which is the property of a harmonic potential. The statement that the topographic bias has no contribution from the gravity signal of the terrain is also supported by the following two examples:
1. Consider a point on the Earth's surface coinciding with the geoid. At this point the geoid height equals the quasigeoid height, and the latter does not suffer from a topographic bias, as its point of computation is on the Earth's surface. (Actually, if the disturbing potential is T and normal gravity at normal height is , the quasigeoid height follows directly from Bruns' formula as T/ ; Heiskanen and Moritz 1967, Eq. 8-10; Moritz 1980, Eq. 42-16.) In this case T is harmonic implying that there is no topographic bias. Consequently, as the Bouguer shell contribution of Eqs. (5a) or (5b) vanishes, there must be no terrain effect at such a point. 2. If the geoid runs above the topography, its solution does not rely on topographic information. This is because if we assume that the surface gravity anomaly is known all over the Earth, one may determine also the disturbing potential on the surface, e.g. according to Molodensky's concept, and then it follows from Stokes' theorem (Heiskanen and Moritz 1967, p.17 ) that the disturbing potential at any exterior point is uniquely dependent on its surface values alone. Again, Eqs. (5a) and (5b) yield a zero contribution, and therefore there cannot be a terrain effect.
3 The error of an EGM representation at sea level
Application of the EGM at surface level
Eqs. (5a) - (5b) hold only if the analytical continuation operation exists. In the case of an EGM representation this is not necessarily the case. In particular, we should not expect that an external type harmonic series (see Eq. 8a below) converges inside the topographic masses, and the convergence may be at doubt for any point inside the Brillouin sphere bounding all mass of the Earth. However, in any case we can assume that the series is asymptotically convergent (see Moritz 1980, pp. 413-414) outside the topographic masses, and, as the series representation is always finite, we do not have to worry about the divergence, but the series is "practically" convergent. However, as this potential representation and its derivatives are harmonic outside the Earth, it means that all its derivatives also exist there, an external type series constructed by a Taylor expansion can be analytically downward continued to sea level, at least to some finite degree (nmax). For the topographic potential V T of Eq. (9a) this implies:
where point P is located on or outside the Earth's surface. Hence, Eq. (6) can be (at least theoretically) realized by a spherical harmonic series of the external topographic potential. However, as in practice such a series is always limited to a finite degree of expansion, it will also include a truncation error. As another example, such an estimator can be obtained by applying Eq. (6) with an EGM to estimate the analytically continued gravitational potential. In any case the downward continued estimator is biased inside the topography according to Eq. (5b), and it therefore needs a correction. It should also be kept in mind that the application of Eq. (6) is not the same as applying the harmonic series directly at sea level, as the series is most likely not convergent at this level. This problem is treated below.
Application of the EGM at sea level
Disregarding the mass of the atmosphere, the disturbing potential can be decomposed into the no-topography potential T NT and the topographic potential V T :
The Newton integral for the latter component reads
where l is the distance between the computation and integration points. The above potentials can be expanded into external types of spherical harmonic series at any point with geocentric radius r > a, where a is the bounding radius of the Earth's topography:
where R is sea level radius, T NT nm and V T,e nm are the harmonic coefficients evaluated at sea level as reference level of the no-topography disturbing potential and the topography coefficients of the external type series, respectively. The latter coeffcients become 
The series for the no-topography potential is actually convergent all the way down to sea-level, while the series of the topographic potential is likely to be divergent for r < a, or at least so for any point located inside the topography. Furthermore,Ynm are fully normalized spherical harmonics [defined, e.g. by Sjöberg (1975) and (1978)]. In practice, the disturbing potential can be represented by such a series limited to some maximum degree M:
and the correct series for the topographic potential at sea level is an internal type series:
where the internal type topographic harmonics are given by:
This means that the error for the external type harmonic series ⌢ V (R, θ, λ), complete to degree M, applied at sea level with radius R consists of the sum of the analytically continuation error (ACE) (or commission error) and the truncation error (omission error):
are the commission and omission biases, respectively. [Ågren (2004) denoted the dwc error the analytical continuation bias.] Assuming that the topographic density changes only laterally, it can be denoted µ (θ, λ) and the ACE can be written (Sjöberg 1977, p.16) and Ågren (2004) :
with
(12c) It is obvious from Eqs. (12a) -(12c) that the ACE diverges when n approaches infinity. However, in practice the harmonic series is always finite.
Considering that rs = R + H and the Taylor series
one obtains also
Assuming now that the topographic density is constant, then, by inserting Eq. (14) into Eq. (12b), the ACE, limited to degree M, can be written (cf. Sjöberg 1977 , Martinec 1998 , Sect. 7.4 and Ågren 2004 )
Cn , (15a) where
and
and Cn are the Laplace harmonics of H i and C. It is obvious that the ACE of the external type harmonic series is not only the topographic error of Eq. (5), but it includes an additional contribution due to the divergence of the series when applied at sea level. Hence the estimator of Eq. (10a) should be corrected for the error in Eq. (15a). Note that the sea level radius is approximated by the mean Earth sphere radius R and not the actual radius of the reference ellipsoid. As already mentioned in the introduction, the correction from the sphere to the reference ellipsoid is best treated by a separate ellipsoidal correction.
4 The topographic error in the modified Stokes formula
Modification with full gravity anomaly
Consider the unbiased type of estimator for the modified Stokes formula, augmented by zero-and first-degree disturbing potential harmonics (T 0 and T 1 ) to the absolute geoid height (cf. Sjöberg 2003b,c) :
where L is the maximum degree of modification of Stokes function, σ 0 is a spherical cap of geocentric angle ψ 0 around the computation point, c = R/(2 ) ,N EGM n is the geoid height Laplace harmonic determined from the EGM complete to degree M , R is mean radius of sea level, Q L n = Q L n (ψ0) are the modified Molodensky truncation coefficients and
is the modified Stokes function. Here P k (cos ψ) is the Legendre's polynomial of degree k, and s k are the (arbitrary) modification parameters. In Eq. (16a) ∆g * and N EGM n are biased in continental areas as they are determined by harmonic downward continuation into the topographic masses. Hence, the above estimator needs a correction for the biases, which can be expressed by
where δN T corr,1 is the correction for topographic bias in the Stokes integral, and δN T corr,2 is the correction for the ACE in the harmonic series. The integral can be written in spectral form as
which (after considering also the boundary condition of physical geodesy; Heiskanen and Moritz 1967, p. 89) needs the following correction for the topographic bias
The second term in Eq. (17) becomes
so that the total topographic correction can be written
where Cn was given in Eq. (15b 
Modification with reduced gravity anomaly
As shown by Sjöberg (2005) , Eq. (16a) can be re-written for a reduced gravity anomaly ("higher order reference field") asÑ
where (when disregarding observation errors)
Here ∆g EGM n and ∆gn are Laplace harmonics of the gravity anomaly; the first is determined from the EGM, the second is the true anomaly.
In Sjöberg (2005) no analytical continuation effects were considered in showing that Eq. (16a) and (22a) are equal. As these effects differ for Stokes' integral and the harmonic series, the total topographic errors in Eqs. (16a) and (22a) due to analytical continuation will also differ. 
which needs the following correction for the analytical continuation:
The second term in Eq. (23) becomes
so that the total correction becomes
where Cn was given in Eq. (15b). The bias term is the same as for the original Stokes formula, Eq. (5). We notice that for M = 0 the corrections is that for a Stokes' modified integral truncated to a cap σ 0 , and for σ 0 = 0 it follows that Q L n = 2/(n − 1) − s * n and Eq. (27) equals − (ACE) M / , i.e. the corrections for the spherical harmonic representation of Eq. (10a).
An example
The potential at geocentric radius r P of a spherical (Bouguer) shell of constant density ρ and thickness H can be written (see :
where µ = Gρ , G being the gravitational constant and R is the inner radius of the shell. The topographic bias of the shell is obtained by taking the difference between the exterior potential downward continued to sea level with r P = R and the internal potential at the same radius:
Similarly, the potential along the symmetry axis of a spherical cap of geocentric angle ν and height H on top of a sphere of radius R becomes )
where subscript g stands for geoid level and
Hence, the potential bias along the axis of the cap becomes:
which is exactly the same as for the shell. Consider now a spherical shell with a hole in the form of a spherical shaped cap with the above dimensions. Then the potential bias along the symmetry axis becomes
i.e. there is no bias for this model. We will now determine the corresponding error when representing the potential of the shell with a hole by an exterior type harmonic series limited to upper degree n0. First we recall that the potential of the spherical shell was given by Eq. (28). To find the potential along the axis of the hole the potential of the cap, given in Eq. (30a), should be subtracted as a harmonic series. The series can be written 
Hence, for r P → R one arrives at the following analytical continuation error: 
It is obvious that Eq. (34) diverges as n → ∞. Hence, the topographic bias vanishes while the ACE differs and approaches infinity as the number of terms in the series goes to infinity.
Concluding remarks
We have shown that the topographic bias for analytical downward continuation, e.g. in the original Stokes formula, is not the same as the DWC error in an external type estimator of the geoid height by an EGM representation. In both cases the analytical continuation of the potential into the masses causes a topograhic bias. However, the EGM also suffer from the fact that the external type harmonic series is not the same as the internal series at sea level, and the former is most likely divergent inside and below the topography. In the modified Stokes formula the total error is a combination of the two types of errors, weighted with respect to the choice of modification parameters sn, the Stokes integration cap size σ 0 and the maximum degree (M) of the EGM. This result differs from that in Sjöberg (2003b) , where only the topographic bias was considered.
